We present numerical results for the gravitational self-force and redshift invariant calculated in the Regge-Wheeler and Easy gauges for circular orbits in a Schwarzschild background, utilizing the regularization framework introduced by Pound, Merlin, and Barack. The numerical calculation is performed in the frequency domain and requires the integration of a single second-order ODE, greatly improving computation times over more traditional Lorenz gauge numerical methods. A sufficiently high-order, analytic expansion of the Detweiler-Whiting singular field is gauge-transformed to both the Regge-Wheeler and Easy gauges and used to construct tensor-harmonic mode-sum regularization parameters. We compare our results to the gravitational self-force calculated in the Lorenz gauge by explicitly gauge-transforming the Lorenz gauge self-force to the Regge-Wheeler and Easy gauges, and find that our results agree to a relative accuracy of 10 −15 for an orbital radius of r0 = 6M and 10 −16 for an orbital radius of r0 = 10M .
I. INTRODUCTION
Recent successes of the LIGO Scientific Collaboration to directly detect gravitational radiation [1] [2] [3] [4] [5] [6] have boosted interests in gravitational wave astrophysics. With the proposed launch date for the satellite-based LISA mission [7] steadily approaching, source modeling efforts are rapidly progressing to build waveform models for candidate LISA sources. One important candidate signal for the LISA mission is expected to arrive from the extreme mass-ratio inspiral (EMRI) of approximately solar-mass compact objects into supermassive black holes. Such systems will produce signals that remain in the detector for lengthy time periods, requiring highly precise models to extract accurate physical parameters from the data [8] . One important effect to consider is the interaction of the compact object in the EMRI with its own gravitational field, the gravitational selfforce, as these lengthy time periods generally extend into the radiation-reaction timescale [9] .
The formulation of the gravitational self-force within black hole perturbation theory has its foundational roots stemming from the works of Mino, Sasaki, and Tanaka [10] and Quinn and Wald [11] , who separately introduced an expression for the self-force to first-order in the massratio of the compact object (modeled by a point particle) to the supermassive black hole; the outcome of this formulation of the self-force is referred to as the MiSaTaQuWa equation. Regularization schemes were outlines, such as mode-sum and zeta function regularization, to remove the singularities introduced to the force by the point-particle source [12, 13] . Further work by Detweiler and Whiting [14] allowed for a regularization scheme designed around the separation of the metric perturbation into singular and regular pieces, with the singular contributions physically motivated and akin to the Coulomb field of a point charge in electrodynamics.
Historically, the choice of Lorenz gauge in perturbation theory have been tightly linked with self-force calculations. This gauge choice is well motivated; the Lorenzgauge field equations are manifestly hyperbolic, and the local expression of the particle's self-field assumes an isotropic form [15] . Unfortunately, numerical integration of the Einstein field equations in the Lorenz gauge is nontrivial, as the field equations do not decouple and the numerics are complicated by gauge instabilities [16, 17] . More recent work has extended self-force regularization procedures to the radiation gauge by adjusting the standard Lorenz-gauge regularization scheme to accomodate for string singularities present in the radiation gauge Detweilier-Whiting singular field [18] [19] [20] [21] .
One might ask whether it is possible to calculate the gravitational self-force in gauges common to the study of Schwarzschild black hole perturbations, such as the Regge-Wheeler (RW) gauge [22] or the similar Easy (EZ) gauge recently introduced in [23] . These gauge choices allow for fast and efficient reconstruction of the retarded metric perturbation generated by a point particle. Early work on this problem recovered the self-force for radiallyinfalling trajectories in the RW gauge [13] , but follow-up analysis showed that the singular contributions to the self-force in the RW gauge are not adequately regularized by standard Lorenz-gauge regularization techniques [15] . Regularization of the RW gauge self-force using a tensorharmonic decomposition of the local singular field was performed by Nakano et al. [24] , but only to first-order in a post-Newtonian expansion. These initial works in RW self-force regularization, along with advances in the understanding of how gauge choice affects regularization by Pound et al. [21] and high-order tensor-harmonic expansion of the Detwieler-Whiting singular field by Wardell and Warburton [25] , form the foundation for the work presented in this paper.
This paper is structured as follows. We review gravitational self-force regularization in Sec. II, and demonstrate in Sec. III how the regularization is modified for the tensor-harmonic modes of the metric perturbation in the RW gauge. In Sec. IV we review the gauge-invariant framework used to construct the retarded metric perturbation in the RW and EZ gauges. Special care is given in Sec. V to the low-multipole ( < 2) modes of the retarded metric perturbation, which are calculated in the Zerilli gauge [26] . In Sec. VI we review the method used to construct the tensor-harmonic modes of the DetweilerWhiting singular field introduced by Wardell and Warburton [25] , and we outline the singular gauge transformation used to construct the singular field in the RW and EZ gauges. Finally, we present the numerical results in Sec. VIII for the regularized Detweiler redshift invariant and the gravitational self-force in both the RW and EZ gauges, and compare our results to the Lorenz gauge self-force through an explicit gauge transformation of the Lorenz gauge self-force.
We choose to work in geometrized units c = G = 1. The background Schwarzschild metric with mass M is labeled by g ab in Schwarzschild coordinates (t, r, θ, φ) with signature (−, +, +, +). Lower-case Latin letters {a, b, c, . . . } indicate spacetime indices and Latin letters {i, j, k, . . . } indicate purely spatial indices, and we introduce f = 1 − 2M/r. We use the curvature conventions of Misner, Thorne, and Wheeler [27] . The symbol x denotes a spacetime event, and the subscript "0" indicates that a quantity is evaluated at the location of the point-particle perturbation, such that x 0 = (0, r 0 , π/2, 0) and r 0 is the constant orbital radius of the circular orbit. The domain of integration is separated into two distinct regions, with the "inner" region r < r 0 denoted by a "−" sign, and the "outer" region r > r 0 denoted by a "+" sign.
We use an "L" to specify quantities calculated in the Lorenz gauge and an "RW" for the Regge-Wheeler and easy gauges, unless the distinction is important, in which case we explicitly write "EZ" for the easy gauge. Finally, for a continuous function F (r) with discontinuous derivative at r = r 0 , we write,
II. SELF-FORCE REVIEW
We begin with a review of the perturbative analyses used to solve the Einstein field equations (EFEs) for a compact mass µ in a circular orbit about a Schwarzschild black hole of mass M , assuming µ/M 1. The physical spacetime metric is approximated as a background Schwarzschild metric plus a tensor perturbation, g phys ab = g ab + h ab , and is a solution to the EFEs. When expanded to first-order in the mass-ratio µ/M , the EFEs take the form [17, 28] ,
where we have introduced the linearized Einstein operator,
with h = g cd h cd , and ∇ is the covariant derivative compatible with the background Schwarzschild metric.
The perturbing stress-energy of the compact mass is modeled as a point particle of mass µ moving along a circular, equatorial geodesic of Schwarzschild, z µ (τ ) = {t(τ ), r 0 , π/2, Ω t(τ )}, where τ denotes the particle's proper time and Ω = M/r 3 0 is the frequency of the orbit. The stress-energy for the point particle is written,
with four-velocity u a = (−E, 0, 0, L), and specific energy and angular momentum E and L, respectively,
The general force exerted by a vacuum perturbation h ab on the compact mass is given by [21] ,
written here as a vector field, whereũ a is a smooth extension of the four-velocity off of the particle's worldline. To compute the self-force, each term of Eq. (6) is evaluated at the location of the particle. However, the RHS is formally singular at the location of the particle if one naively uses the metric perturbation arising from Eq. (2) . This singularity in the force is not a physical result. Detweiler and Whiting [14] find that the metric perturbation may be separated into singular and regular contributions,
such that each piece of the decomposition is individually a solution to Eq. (2),
and h S ab does not contribute to the gravitational self-force, i.e.,
The quantities h S ab and h R ab are referred to as the Detweilier-Whiting singular and regular fields, respectively.
The Lorenz gauge is commonly used in gravitational self-force calculations. By introducing the trace-reversed metric perturbationh ab = h ab − 1 2 g ab g cd h cd , the Lorenz gauge condition is compactly written as,
In this gauge, the linearized Einstein operator in the EFEs reduces to a set of coupled wave equations acting on the trace-reversed metric components,
We assume that the metric perturbation for the remainder of this section is computed in the Lorenz gauge, and drop the "L" descriptor.
The retarded solution to Eq. (12) can be found numerically, decomposed into a basis of scalar spherical harmonics,
with differential solid angle dΩ = sin θdθdφ and * the complex conjugation. Eachˆ m-mode of the Lorenz-gauge retarded metric perturbation h ret,ˆ m ab is a finite C 0 function of r at the location of the particle, but the infinite sum of the modes diverges as O(ˆ ). Furthermore, theˆ mmodes of the force, which involve radial derivatives of the metric perturbation, have bounded jump-discontinuities at the particle. To calculate the regularized self-force, the method of mode-sum regularization was introduced by Barack and Ori [12] ,
withL = 2ˆ + 1. The term F a,ˆ ± ret is constructed from the scalar-harmonic modes of the retarded metric perturbation and evaluated at coincidence in the inner or outer regions via the direction-dependent limit,
The quantities A a,± , B a , C a , and D a are regularization parameters, constants inˆ derived from a local expansion of the singular field and known analytically in the Lorenz gauge for generic bound orbits of Schwarzschild [12] and Kerr [29] . When subtracted mode-by-mode in Eq. (14) , theˆ -modes of the force fall off as O(ˆ −2 ), and the partial sums converge as O(ˆ −1 ). For circular orbits in Schwarzschild, the parameters A a,± and B a vanish for for all but the radial component of the force, and C a = D a = 0. Instead of working in the scalar-harmonicˆ m basis of Eq. (15) , one might choose to work in a tensor -harmonic m basis, such as the basis introduced for Lorenz-gauge self-force calculations by Barack and Lousto [16] and Barack and Sago [17] (that we shall refer to as the BLS basis). When decomposed into the BLS basis, the field equations separate into coupled scalar wave equations, allowing one to employ numerical methods developed for calculating the scalar self-force [30, 31] . To recover theˆ -modes in Eq. (15) , one must re-project the tensor-harmonic -modes onto the scalar-harmoniĉ -modes, a process which generically requires the calculation of + 3 tensor-harmonic modes [17] . While relatively trivial for circular orbits in Schwarzschild, this reprojection becomes increasingly complicated and timeconsuming when working on arbitrary trajectories and more complicated background spacetimes, such as the Kerr geometry [32] .
Recently, a reformulation of the mode-sum regularization scheme was introduced by Wardell and Warburton [25] that uses tensor-harmonic regularization parameters,
where the -modes of the retarded force are computed directly from the metric perturbation via Eq. (6),
and the tensor-harmonic regularization parameters F a,±
, and D a = 0 are found by decomposing a local expansion of the Detweiler-Whiting singular field into the tensor-harmonic basis, as we will outline in Secs. VI and VII. This construction eliminates the need for reprojection onto a scalar harmonic basis and reduces the overall number of computed -modes necessary to compute the regularized self-force.
III. REGULARIZATION
The approach to self-force regularization outlined in Sec. II was derived and implemented in the Lorenz gauge [33] . One might ask whether the same approach to regularization applies to other gauges, such as the RW and EZ gauges. This question was investigated by Pound, Merlin, and Barack (PMB) [21] specifically for the radiation gauge, but their findings are equally applicable here. Under a change of gauge, x a new = x a old + ξ a , generated by a gauge vector ξ a , the metric perturbation transforms as,
Such a transformation induces a change in the self-force [15] ,
with
where an overdot denotes a derivative with respect to the proper time τ of the particle's background worldline. PMB introduce a broad class of gauges under which the asymptotic matching scheme of Gralla and Wald [34] remains valid. This gauge class is named the sufficiently regular gauge class. For a particular local gauge transformation away from the Lorenz gauge to remain sufficiently regular, the components of the gauge vector ξ a must satisfy specific conditions [21] :
(SR3) τ derivatives do not increase the degree of singularity, (SR4) spatial derivatives increase the degree of singularity by at most one order of s.
Here, s is the spatial geodesic distance away from the worldline and n i is a spatial unit vector, expressed in local Fermi-like coordinates. For a calculation performed at first-order in the mass-ratio, f 1 and f 2 must be C 1 almost everywhere. We demonstrate in App. E that the local gauge transformation between the Lorenz and EZ gauges is not sufficiently regular, which motivates the adjusted approach to regularization used in this paper.
A. Locally Lorenz Gauges
To address gauge transformations away from the Lorenz gauge which are not sufficiently regular, PMB propose the "Locally Lorenz" gauge (LL) regularization scheme. Beginning in the Lorenz gauge, the local metric perturbation reads [35] ,
where terms of O(1) are at most bounded but discontinuous on the worldline. PMB define a gauge to be LL if it satisfies two properties: (i ) the LL metric perturbation must have an identical leading-order singular structure as the Lorenz gauge,
where terms of o(s −1 ) are not as strongly divergent as s −1 on the worldline, and (ii ) the Lorenz and LL gauges differ locally by at most a continuous gauge vector, ξ
With these conditions in place, the two metric perturbations fall within the same class of gauges introduced by Barack and Ori [15] , meaning that the self-forces in each gauge are related via Eq. (20) .
B. Regularization in the RW and EZ Gauges
We now outline how we perform regularization in the RW/EZ gauges, motivated by the LL-gauge regularization procedure and the work of Nakano et al. [24] . To start, a gauge transformation is performed locally to bring the retarded Lorenz gauge metric perturbation into the RW/EZ gauges,
We perform an identical gauge-transformation to a local expansion of the Detweiler-Whiting singular field h L,S ab in the Lorenz gauge,
and define the difference of the two gauge vectors to be,
Assuming that h
L,S
ab is known to high-enough order in a series expansion [36] when constructing ξ RW,S , then the remainder ξ RW,R will be at least continuous. What exactly constitutes a "high enough" order is outlined in Sec. VI.
Using the regular gauge vector ξ
RW,R a
, we now define the LL metric perturbation from Eq. (23) associated with the RW gauge transformation to be,
It must be emphasized that the LL metric perturbation in Eq. (27) is not unique, as it depends on the final gauge choice enforced in Eqs. (24) and (25) To demonstrate how these gauge transformations produce an LL metric perturbation in the regularization procedure, we first consider the regularization of a continuous, linear functional of the metric perturbation which is invariant under smooth gauge transformations, I[h](x), evaluated at the spacetime event x and following the notation of [37] . Then we write schematically [38] ,
If ξ R a is sufficiently smooth, then the gauge term in Eq. (28) may be dropped by the invariance of I, and the regularized value of I in the LL gauge is equal to I constructed from the Detweiler-Whiting regular field,
. The force may likewise be constructed in the LL gauge from the retarded RW metric perturbation, schematically as,
In this case, the gauge term relating h LL ab and h L ab may not be dropped, as the force is a gauge-dependent quantity. We may express the difference between the LL and Lorenz gauge forces,
Since the LL force is constructed from a metric perturbation contained in the same Barack-Ori gauge class as the Lorenz gauge, by construction, the motion is geodesic in,
assuming again that ξ RW,R a is sufficiently smooth. The practical regularization in our work is performed by subtracting tensor-harmonic regularization terms mode-by-mode, as was done by Wardell and Warburton [25] for Lorenz gauge regularization. For a gaugeinvariant quantity, the regularization of the retarded RW gauge modes is written,
where I is decomposed into a tensor-harmonic basis and summed over the azimuthal index m,à la Eq. (17) . We assume that the gauge vector in Eq. (32) is constructed solely from a local expansion of the Lorenz gauge Detweiler-Whiting singular field mode-by-mode, ξ
The gauge transformation from any gauge to the RW and EZ gauges is unique in the mode-decomposition for ≥ 2, and we further outline in Sec. V the specific gauge choice made for = 0, 1.
Finally, we outline the regularization of the self-force. The individual -modes of the retarded force contain jump discontinuities when evaluated at the particle, and the mode-sum formula is adjusted to handle these discontinuities and include the additional gauge term,
We note that this method of self-force regularization is similar to the work of Nakano, Sago, and Sasaki [24] , who introduce a regularization scheme for the RW gauge analytically at 1PN based on gauge-transforming the Lorenz gauge singular field as in Eq. (25) . The methods differ in the choice of monopole and dipole gauges used in the calculation, as outlined in Sec. V. In addition, no postNewtonian expansions are undertaken in our work.
IV. RETARDED SOLUTION
We now review the method used to integrate the EFEs and reconstruct the tensor-harmonic modes of the retarded metric perturbation in the EZ and RW gauges through use of master functions, originally introduced to the study of black hole perturbation theory by Regge and Wheeler [22] and Zerilli [26] . We begin by introducing a tensor-harmonic basis used to decompose the metric perturbation. From the tensor-harmonic components of the metric perturbation, we construct six gauge-invariant fields used to construct the two master functions utilized in this work.
A. Tensor Harmonic Decomposition
Using the A-K framework introduced in [23] , we take advantage of the spherical symmetry present in the Schwarzschild spacetime to decompose the metric perturbation into a basis of tensor harmonics,
where the 10 complex scalar functions A-K have had their arguments and indices suppressed for simplicity, e.g., A = A m (t, r). The vector and tensor harmonics are listed in App. A, and the vector fields v a and n a are written in Schwarzschild coordinates as,
The projection of the stress-energy, Eq. (4), onto the tensor-harmonic basis used in Eq. (35) is straightforward, given the delta functions in the source, e.g.,
Typically, projections of the linearized Einstein operator via Eq. (2) are used to denote the occurrence of the source terms,
All source terms relevant for circular orbits are listed in App. B. When focusing specifically on circular, equatorial orbits, the form of the source terms in Eq. (36) motivates a further refinement to the Ansatz of the metric perturbtaion given in Eq. (35) , whereby each scalar function A-K is written as a separable function of t and r, with timedependence of the form,
As vacuum perturbations are not of interest to this work, the allowable frequencies for the metric perturbation are fixed by the source terms and are multiples of the orbital frequency,
This time-dependence for circular orbits is equivalent to working in the frequency domain with Fourier coefficients [24] ,
Finally, with the introduction of the metric perturbation, certain symmetries present in the background Schwarzschild spacetime no longer exist in the physical spacetime. In particular, the vectors (∂ t ) a and (∂ φ ) a are no longer Killing in the physical spacetime g phys ab , yet a Killing vector does exist as a combination of the two: the helical Killing vector (HKV) [28] , and this symmetry exists for any reasonable choice of gauge as a consequence of the timedependence present in Eq. (38) and the mode decomposition of the metric perturbation, Eq. (35) . While we will utilize the time-dependence of Eq. (38) in this work for circular orbits, the expressions in the remainder of Sec IV hold for metric perturbations with arbitrary timedependence.
B. Gauge Invariants
The procedure of metric reconstruction is based on the construction of six gauge-invariant fields introduced in [23] , and we review this construction here. We begin with the metric perturbation in Eq. (35) written in an arbitrary "old" gauge, and write it in a "new" gauge by introducing a gauge vector ξ a . The transformation occurs to first-order in the mass-ratio as,
The gauge vector ξ a is decomposed into tensor-harmonic modes,
, (42) with complex scalar functions P, R, and S for the evenparity components of the gauge vector, and Q for the odd-parity component. The action of the gauge vector on the metric perturbation induces the following changes to the metric components:
where we write e.g., A new = A old − ∆A, and introduce λ = ( − 1)( + 2). For ≥ 2, we may enforce the gauge choice known as the Regge-Wheeler (RW) gauge, introduced by Regge and Wheeler [22] , by eliminating B new = F new = H new = 0 through convenient choices of P, S, and R, respectively, and (49) is used to eliminate G new . By substituting Eq. (47) for (50), we set B new = E new = F new = 0, which defines the EZ gauge. Specifically for the low modes < 2, certain equations above vanish identically and another gauge choice is made that we discuss in Sec. V. By combining various A-K terms and their derivatives, one may construct quantities which are unchanged under the action of the gauge vector in Eqs. (43)- (52), making them gauge-invariant:
Two additional gauge invariants of interest to this work appear as combinations of certain gauge invariants above, one for each parity,
with κ = 6M + λr. These two quantities both satisfy a 1+1 wave equation in the tortoise radial coordinate r * = r + 2M log(r/2M − 1),
with potentials,
We remark on the similarities between the two potentials by taking the difference,
This difference vanishes at both the horizon and spatial infinity, and also very near but outside the light ring at r = 3M . It further vanishes in the limit that grows to infinity. The sources S W/Z are listed in Eqs. (270) and (271). From Eq. (61) and the form of the potentials in Eqs. (62)- (63), it is clear that the gauge invariants Ψ W and Ψ Z are master functions akin to those of Regge-Wheeler and Zerilli, respectively [39] . These master functions express the two dynamical degrees of freedom in the Einstein field equations. Furthermore, it is possible to recover the gauge invariants in Eqs. (53)- (58) solely from the master functions, along with source terms:
Thus, solving the EFEs at first-order in the mass-ratio has been reduced to integrating Eq. (61) for Ψ W/Z , up to considerations of gauge and the low modes < 2.
C. Numerical Integration
The literature is rich with examples of numerical solutions for a point-particle source in a bound orbit about a Schwarzschild black hole, both in the time domain [16, 17, 30, 40, 41] and in the frequency domain [42] [43] [44] [45] [46] . The numerical techniques used in our work to solve the frequency-domain representation of Eq. (61),
align closely with the solution method outlined by Hopper and Evans [47] , but simplified for the case of circular orbits. The numerical integration of Eq. (71) is performed in Mathematica [48] to take advantage of Mathematica's arbitrary precision framework. We choose to work with a global minimum precision of 32 digits, which is responsible for the ultimate precision shown later in this work.
D. Metric Reconstruction
The gauge invariants in Eqs. (53)- (58) may be constructed from the tensor modes of the metric perturbation in any gauge, but play a special role in metric reconstruction specifically in the EZ gauge. When the EZ gauge conditions are enforced, Eqs. (53)- (58) reduce to expressions which are trivial to invert for the metric components,
with all other components vanishing. Should one choose to work in the RW gauge instead, the non-zero metric components become,
The full ( ≥ 2) metric perturbation in either the EZ or RW gauge is recovered by substituting the expressions for A-K into Eq. (35) after solving for the gauge-invariants via Ψ W/Z in Eqs. (65)-(70). The specific reconstruction for < 2 is detailed in Sec. V.
For the low ( < 2) modes, the gauge invariants constructed in Sec. IV lose their invariant properties under a gauge transformation. We investigate these low-order modes by gauge-transforming the Lorenz-gauge retarded solution. We opt to use the gauge choice for both = 0 and = 1 introduced by Zerilli [26] , as the Zerilli gauge satisfies both the RW and EZ gauge conditions. This gauge choice differs from that of Nakano et al. [24] , who opt to use the Lorenz gauge monopole (corrected by Hikida et al. [49] ) and a different variant of the Zerilli dipole.
The cases of = 0 and = 1 are handled separately, and the tensor-harmonic m labels for the metric perturbation are written explicitly for clarity.
We approach the construction of the Zerilli gauge monopole initially by finding the gauge transformation from the Lorenz gauge to the Zerilli gauge. This will lead directly into the construction of the singular field monopole in Sec. VI. At = 0, all vector and tensor modes of the metric perturbation vanish identically. Furthermore, all coefficients of the gauge vector Eq. (42) are evaluated with ω 0 = 0, eliminating any time derivatives from Eqs. (43)- (52) and yielding a static gauge transformation. The gauge vector becomes,
and induces the following changes to the metric perturbation:
The Zerilli monopole gauge choice uses the two degrees of gauge freedom to set E 
Eq. (86) is then solved to set D 00 Z = 0:
When integrating this equation, we find,
The starting value of the integration, r 1 , is arbitrary, and ζ 00 is an arbitrary constant. The gauge function P 00 is not present in the metric perturbation (outside of fixing the condition D 00 Z = 0), as P 00 only appears in Eq. (86) for static gauge transformations. Thus, the monopole contributions to the retarded field in the Zerilli gauge are,
with all other components set to zero. These remaining components of the metric perturbation are invariant under gauge transformations produced by the gauge vector in Eq. (84) and are unique.
The form of the Lorenz gauge monopole was determined analytically by Barack and Lousto [50] . The inner (r ≤ r 0 ) solution is,
and the outer solution (r ≥ r 0 ) is,
The constant A and the functions P (r) and Q(r) were originally introduced by Barack and Lousto,
with f 0 = f (r 0 ), and are not to be confused with quantities elsewhere in this work. Before we perform the gauge transformation in Eqs. (92)- (93), it is important to realize that the Lorenz gauge monopole is not asymptotically flat (in this instance, defined as h
and so we choose to perform an additional gauge transformation to adjust this after transforming to the Zerilli gauge. The asymptotic flatness of the monopole is important for the comparison between gauge-invariants for the purposes of this work [51] . We shall see that the gauge vector required for this transformation does not obey the HKV symmetry, and would not be attainable via the gauge vector in Eq. (84). After constructing the metric components in the Zerilli gauge via Eqs. 
To correct h Z,NAF+ tt , we introduce a gauge vector taking the form of a global homogeneous solution to Eq. (86) which breaks the HKV symmetry, i.e., has non-vanishing time dependence, but maintains the Zerilli gauge condition,
This gauge vector changes the tt-component of the metric via Eq. (43) to,
and the perturbation now vanishes at both the horizon and spatial infinity. We notice that, while h Z tt is continuous across the particle's orbit, a jump-discontinuity has been introduced to h Z rr that was not present in the Lorenz gauge.
B.
= 1 Odd-Parity For = 1, the only non-zero odd-parity contribution to the metric perturbation arises from m = 0. Furthermore, the spin-2 contribution to the metric perturbation, G 10 , vanishes identically, and Zerilli chooses to use the one degree of gauge freedom, Q 10 , to eliminate J 10 Z = 0. This gauge choice is identical to the odd-parity dipole gauge used in Lorenz gauge calculations [52] . Its derivation may be found in the literature, for example from [23] , and the analytic solution is given by,
C.
= 1 Even-Parity
Restricting to = 1 even-parity, the metric perturbation vanishes for m = 0, so only the values m = ±1 need be considered. Unlike for = 0 and = 1 odd-parity, there are no known analytic solutions for the even-parity dipole in the Lorenz gauge. Despite this lack of analytic solution, we work through the gauge transformation required to bring the Lorenz gauge solution to the Zerilli gauge, as this transformation will be required to construct the even-parity dipole singular field in Sec. VI. Analytic solutions to the even-parity dipole do exist in the Zerilli gauge, which we list at the end of this section.
The changes to the metric perturbation under a gauge transformation reduce for = 1 even parity to,
Here, F 1m = 0 identically but we still have the full evenparity gauge freedom. The Zerilli dipole gauge is determined by setting B 1m Z = E 1m Z = H 1m Z = 0, and the gauge vector for this choice is calculated in two steps, where first P 1m and R 1m are found algebraically via Eqs. (116) and (118) while leaving S 1m free,
which, when substituted into Eq. (119), yield a first-order
The solution may be found by integration,
where ζ 1m is a constant and we have written, part is arbitrary and set to the orbital radius for convenience, such that S 1m part vanishes at the particle (but note that its radial derivative does not vanish). In addition, the unknown constant ζ 1m is arbitrary. After the gauge transformation, the remaining non-zero components of the metric are,
with residual gauge freedom,
While it is clear that the metric perturbation in Eqs. (126)- (128) is in the Zerilli gauge, the additional gauge freedom in Eqs. (129) may be added to the metric perturbation without changing the gauge condition B 1m Z = E 1m Z = H 1m Z = 0, and so the gauge choice is not uniquely fixed. We now use this freedom to recover a Zerilli gauge in which all components of the metric perturbation vanish outside the particle's orbit (r > r 0 ). This choice is made to ensure that the dipole is asymptotically flat.
We begin with the analytic, retarded Zerilli gauge solution given by Detweiler and Poisson [52] ,
where Θ(r − r 0 ) is the Heaviside step function. Transforming this solution to one which vanishes in the outer region via Eqs. (129) and factoring out the timedependence yields the A-K components of the metric perturbation,
A is the fully-evaluated coefficient of the delta function source in Eq. (272). By inspection, this solution is almost entirely pure gauge; for both r < r 0 and r > r 0 , the form of Eqs. (133)- (135) 
We now wish to refine the gauge transformation used to recover Eqs. (136) This gauge refinement condition may be enforced at any value of r > r 0 , but we choose to evaluate (the righthand-sided limit) at r = r 0 , since we have constructed S 1m part to vanish at the orbit, which greatly simplifies Eqs. (126)-(128).
As S 1m part (r) is a differentiable function, we find,
Then, after taking the limits in Eq. (136),
The validity of this choice must now be verified. We begin by analyzing Eq. (138). In the Zerilli gauge, A 1m Z is gauge-invariant at coincidence, which can be seen by
This combination vanishes in the coincidence limit irrespective of the choice of S 1m , since ω To show that the remaining two limits are valid requires more work, and we must solve for ζ 1m to satisfy the vanishing conditions. Both Eqs. (139) and (140) provide a solution for the remaining gauge freedom and the system appears overdetermined. We solve both equations,
labeling the solution for ζ 1m D/K arising from each equation separately. The difference between these two constants is proportional to a source term,
and this source term vanishes for the circular orbits of interest in this paper, E 
VI. SINGULAR FIELD CONSTRUCTION
In this section we construct the Detweiler-Whiting singular field in the EZ and RW gauges. We begin with a local expansion of the singular field in the Lorenz gauge. After a decomposition into tensor harmonic modes, the gauge-invariants Eqs. (53)- (58) are formed and used to reconstruct the singular field in both the EZ and RW gauges via Eqs. (72)- (77) and Eqs. (78)-(83), respectively. We then detail the specific gauge transformation of the singular field for the low-order ( < 2) modes.
A. Local Detweiler-Whiting Singular Field
The trace-reversed Detweiler-Whiting singular field is found in the Lorenz gauge and expanded covariantly about the worldline of the particle [36] ,
with uā and gāb the particle's four-velocity and the background metric, respectively, evaluated on the worldline, g aā the bivector of parallel transport,s = (gāb + uāub)σāσb the spatial geodesic distance away from the worldline, and σ the Synge world function. ε is an ordercounting parameter in the expansion. (See [35] for a review of bitensors and covariant expansions of h S .) Following conventions established in the self-force literature [12, 31, 53] , a coordinate expansion of Eq. (145) is performed in coordinates (∆t, ∆r, Θ, Φ) about some reference Schwarzschild time t 0 = 0, such that ∆t = 0, ∆r = r − r 0 , and the angles (Θ, Φ) are related to the background Schwarzschild angles (θ, φ) by the rotation, sin θ cos φ = cos Θ, sin θ sin φ = sin Θ cos Φ, cos θ = sin Θ sin Φ.
This rotation places the particle at the pole of the rotated coordinates, (θ = π/2, φ = 0) → (Θ = 0, Φ = 0). In these coordinates the field has the form [25] ,
ab ∆r ρ + c
ab ∆r
evaluated at ∆t = 0, where, for the circular orbits of interest in this paper, the coefficients c
ab are independent of ∆r and Θ, and we have introduced ρ as the leadingorder term in the coordinate expansion ofs [31] ,
and
The full coordinate expansion ofh L,S ab used for this work is quite lengthy, so we direct the reader to an online source for the expansion through O(ε 4 ) [54] . We include orders up through O(ε 2 ), in order to capture the necessary angular derivatives required to regularize the EZ-gauge self-force.
B. Tensor Harmonic Decomposition of h L,S ab
To find the tensor harmonic projections of the singular field, we follow the work of Wardell and Warburton [25] , who calculate the tensor modes of the singular field in the BLS basis. We outline the relationship between the BLS basis and the A-K basis in App. C. Our construction of the singular field modes is identical to [25] .
Before we begin, it is worth recalling that in the rotated coordinates the particle is located at the pole (Θ = 0, Φ = 0). When decomposed into tensor-harmonic m -modes in these rotated coordinates, the tensor harmonic basis vanishes at coincidence for all but select values of m (the azimuthal index number associated with Φ), and so only these non-vanishing m modes of the singular field are necessary to calculate. The required A-K terms for each m are listed in Table I .
We demonstrate the process of finding the tensorharmonic decomposition of the singular field for the A term through O(∆r), for simplicity. Starting with the projection, Table I . We list the A-K components of the Lorenz gauge singular field required for this work at each m value considered in this construction.
we substitute in the coordinate expansion for h
withh
and the Φ-dependence expressed through γ. The integral over Θ is performed first. Recall from Eq. (148) that ρ has Θ-dependence. As such, the integral over Θ becomes,
neglecting factors in ρ that do not depend on Θ. The denominator of Eq. (157) is expandable in terms of Legendre polynomials [18] , and for ν ∼ ∆r 1 but finite,
Eq. (157) is written, using Eq. (158) and substituting u = cos Θ, as,
where the third line follows from the orthogonality of the Legendre polynomials, and δ is the Kronecker delta. This result is the integral over Θ expanded as a power series in ν.
After integrating over Θ, we focus on the integral over Φ. All Φ-dependence is now found in fractional or whole powers of γ, and the integral of these terms becomes a hypergeometric function [25] ,
When n = −1/2, the integral is proportional to the elliptic integral of the first kind,K( M r0f0 ), and when n = 1/2 it is proportional to the elliptic integral of the second kind,Ê( M r0f0 ). All integer values of n reduce Eq. (160) to a polynomial in M r0f0 , and any other value of n is related to these three cases by the recursion relation for
(161) When the dust has settled, A 0 S is given to linear order in ∆r as,
The final task is to express the singular field projections in terms of the original (t, r, θ, φ) coordinates. This is accomplished, in part, by reversing the rotation performed in Eqs. 
To recover the r-dependence, we simply substitute the definition of ∆r = r − r 0 . Finally, the singular field projections are evaluated at ∆t = t = 0 in the (Θ, Φ) coordinates. After rotation back to the original Schwarzschild coordinates, the singular field must obey the helical symmetry of the physical spacetime, as it is an approximation of the particular solution to Eq. (2). We then attribute the same time dependence given to the retarded metric perturbation, Eq. (164) The construction of the singular field in this paper is identical to [25] with two additional considerations:
(1) Constructing the gauge-invariants (53)-(58) requires taking additional radial derivatives of the singular field projections, so terms proportional to ∆r 2 are necessary, which were suppressed in the analysis above (for brevity) and in [25] .
(2) The even-parity gauge-invariants (55)- (58) involve factors of (contained in λ), which indicate the presence of additional angular derivatives before the mode decomposition. Therefore, a higher-order expansion in m is required for certain modes, with the specific value of m for each A-K listed in Table I.
The expressions for the higher-order singular field projections are unwieldy, and as such, they are made available electronically [54] , constructed in the BLS basis. One may recover the higher-order projections of the A-K terms used in this work via App. C.
C. Singular Field for ≥ 2
To find the RW/EZ gauge singular field, the gaugeinvariant quantities in Eqs. (53)- (58) 
The m-modes of the singular metric perturbation in the EZ gauge are found via Eqs. (72)- (77), and in the RW gauge via Eqs. (78)-(83). As the above quantities are gauge-invariant and the metric reconstruction requires no integration, the ( ≥ 2) modes of the EZ and RW gauge singular fields are uniquely fixed.
D. Singular Field for = 0, 1
The Zerilli gauge monopole is gauge-invariant under gauge transformations which respect the HKV symmetry. Performing the gauge transformation outlined in Sec. V A on the singular field yields,
Note that the additional gauge transformation between the Lorenz and Zerilli gauges to ensure asymptotic flatness, Eq. (108), is naturally included in the regular piece of the gauge vector Eq. (26), for it is proportional to a homogeneous solution the EFEs.
= 1 Odd-Parity
As discussed in Sec. V B, no gauge transformation is necessary for the odd-parity dipole and the singular field structure remains identical. As such, the singular field for the odd-parity Zerilli dipole is equal to the Lorenz gauge odd-parity dipole,
3.
= 1 Even-Parity
The even-parity dipole singular field is constructed following the gauge transformation outlined in Sec. V. The unknown constant ζ 1m in the even-parity dipole gauge vector is pure gauge and induces a change to the retarded field proportional to a homogeneous solution; we therefore attribute it to the regular piece of the gauge vector in Eq. (26) . Additionally, the choice of lower bound in the integral for S 1m part , Eq. (125), fixes the = 1 Zerilli gauge solution recovered after regularization; the choice has been made so that the regularization itself requires no knowledge of the retarded Lorenz gauge solution and no integrals of the singular or retarded field are necessary when evaluated at coincidence.
With these choices in place, the singular field contribution to the gauge vector is given by,
and the singular field for the Zerilli even-parity dipole is,
VII. TENSOR-HARMONIC REGULARIZATION
The regularization procedure detailed in Sec. III requires, as input, the retarded and singular -modes of the quantity of interest, in this case either the self-force or the redshift invariant. We now construct the tensorharmonic m-modes of the redshift invariant and the force from the A-K variables of the metric perturbation in both the EZ and RW gauges. The sum over m is then done analytically for the singular contributions to construct the tensor-harmonic regularization parameters. The Detweiler redshift invariant is written for circular orbits in Schwarzschild as [28] ,
To perform the regularization outlined in Eq. (28), we require the retarded and singular modes ofū t ; we find these by extending the definition of the redshift invariant off of the particle's worldline,
for any smooth extensionũ a , taken in this work to be the rigid extension used by Barack and Ori [12] , where the components of the four-velocity are held fixed to their values on the worldline while allowing the metric and Christoffel symbols to vary. It is common to introduce a second gauge-invariant quantity proportional toū t [51] ,
and to perform the regularization on ∆U , recoveringū t afterwards via,
. (182) We now find the mode decomposition of ∆U in each gauge, as constructed from the tensor-harmonic modes of h ab and evaluated at the particle. In the EZ gauge, the even-and odd-parity components are constructed from Eq. (35) and Eqs. (72)
written in terms of the gauge-invariants introduced in Sec. IV B and substituting in the definitions of the specific energy and angular momentum from Eqs. (5) . The m-modes of ∆U in the RW gauge are similarly constructed via Eqs. (78)- (83),
The gauge-invariance of ∆U m at coincidence for the ≥ 2 modes is now manifestly apparent by comparing the even-and odd-parity contributions constructed in each gauge. One may perform a similar exercise starting with the metric components in the Lorenz gauge, and the expressions for ∆U L, m reduce to Eqs. (183) and (184) for even-and odd-parity, respectively.
To construct the tensor-harmonic modes of ∆U m for < 2, we turn to the explicit expressions for the A-K variables in the Zerilli gauge outlined in Sec. V. For the monopole = 0, the only non-vanishing contribution to ∆U arises from A 00 Z ,
Here we see that ∆U Z,00 inherits its gauge-invariance from A 00 Z , which is gauge-invariant under helicallysymmetric gauge transformations as discussed immediately following Eqs. (92) 
given that the vector and tensor contributions to 
Again, A 1m Z is invariant under helically-symmetric gauge transformations at coincidence via Eq. (141), and may be thought of as the = 1 reduction of m ,
and thus Eqs. (189) and (183) We next turn to the mode decomposition of the selfforce. The full expression for the gravitational self-force is given by Eq. (10). We are interested specifically in regularizing the radial component of the force, which reduces to a simple form for circular orbits in terms of the retarded metric perturbation,
using the same four-velocity extension as in Eq. (180).
The even-and odd-parity contributions to the force in the EZ gauge are found for ≥ 2,
expressed in terms of the gauge invariants m and β m . In the RW gauge,
The even-parity contributions to the force in the EZ and RW gauges, Eqs. (193) and (195) respectively, differ by a term proportional to χ m , while the odd-parity contributions to the force both reduce to identical expressions involving the gauge-invariant β m . Further, when constructed in the Lorenz gauge, the odd-parity component of the force exactly matches Eq. (196), indicating that the odd-parity contributions to the force are gauge-invariant for circular orbits under the gauge transformations taking the Lorenz gauge to the EZ or RW gauges. This invariance of the odd-parity component of the force is investigated further below.
The low modes of the force are calculated in the Zerilli gauge. For = 0 the force is, F r,00
which, similarly to ∆U Z,00 , is equivalent to Eq. (193), and the = 1 contributions to the force are given by,
(199)
B. Tensor-Harmonic Regularization Parameters
We now construct the singular contributions to the redshift invariant and the force, and perform the m-sum analytically to recover the tensor-harmonic regularization parameters introduced in Eq. (16) .
Beginning with the gauge-invariant ∆U , the singular contributions to the -modes are determined by, The m-sum is performed in the original Schwarzschild coordinates, unlike in [25] where the sum is performed over m in the rotated coordinates (Θ, Φ). Explicit factors of m have been introduced into the singular field via the time derivatives in Eqs. (165)- (170), and so we perform the sum over azimuthal modes in the unrotated frame. Performing the sum over m analytically was addressed in [24] , and we describe its solution in App. A. A method to perform the m-sum in the rotated frame has also been outlined by Miller et al. [55] .
After taking the m-sum in Eq. (200), we recover ∆U RW,S as an expansion in , which we write as two terms,
following the notation for the scalar-harmonic regularization parameters introduced in [36] , where a term ∆U [n] scales as O( −n ). We find,
Our result for ∆U [0] is identical to the leading-order tensor-harmonic regularization parameter for ∆U derived in [25] , the term proportional to −1 vanishes identically, and the result for ∆U [2] is new for tensor-harmonic modes. For the purposes of this work, ∆U [2] acts to accelerate the convergence of the regularization in a similar way to the accelerated convergence techniques used in scalar-harmonic self-force regularization [31, 36] , as visualized in Fig. 1 and detailed further in Sec. VIII.
To construct the regularization parameters for the force, we perform the m-sum as outlined in Eq. (17),
where the m-modes of the force are calculated from the singular gauge invariants, Eq. (165) 
with the leading-order singular contribution given in both the EZ and RW gauges as,
This term is independent of the choice of EZ or RW gauge, and is identical to the leading-order tensorharmonic regularization term used for the Lorenz gauge force [25] . We note that this behavior is also observed when regularizing the self-force in the radiation gauge, where the leading-order scalar-harmonic regularization parameters are found to be identical in both the radiation and Lorenz gauges [19] . The regularization term F r
[0],RW does depend on the choice of gauge. We opt to write the sub-leading regularization parameters following Nakano et al. [24] , where the following regularization parameters are defined for all and adjustments due to the < 2 modes are written as separate corrections. The sub-leading tensor-harmonic regularization parameters for the EZ and RW gauges are finally given by,
Looking first to Eq. (209), we note that this term is identical to the Lorenz gauge B r parameter for scalarharmonic regularization and the non-vanishing contribution to F r [0],L in [25] . The only deviation away from the Lorenz-gauge regularization lies in the adjustments made at < 2; as these adjustments arise from the difference between the asymptotic, high-behavior of the singular modes of the force and the local expansion of the singular force, they are naturally attributed to the D r parameter in Eq. (16) [56] , which is found to vanish in the Lorenz gauge but in the RW gauge now takes a non-zero value given in Eq. (280).
Thus, regularization may be performed in the RW gauge by using the Lorenz gauge tensor-harmonic regularization parameters with the addition of a nonvanishing D r RW parameter. The same may not be said of regularization in the EZ gauge: the -independent contribution to F r [0],EZ is not equal to the Lorenz gauge term. Regularization in this gauge requires an adjustment not only to D r EZ given in Eq. (278), but also an adjustment to the Lorenz gauge B r parameter at each . One sees this result more directly when the singular gauge vector between the Lorenz and EZ/RW gauges is constructed, which we now do.
The method outlined above for constructing the force regularization parameters involves first finding the singular gauge invariants in Eqs. (165)-(170) and then reconstructing the singular contributions to the force directly in each gauge. An equally valid approach to finding the regularization parameters is to explicitly calculate the gauge vector between the Lorenz gauge and the EZ/RW gauges. The force then transforms as in Eq. (20); for a particle traveling along a circular orbit, the radial component of the force transforms under gauge transformations which obey the HKV symmetry as [18] ,
To construct the regularization parameters in the EZ/RW gauges, we require the Lorenz gauge tensorharmonic regularization parameters (found in [25] ) and the mode-decomposition of the singular gauge vector introduced in Eq. (25) . The gauge-transformed regularization parameters are then given by,
For the ≥ 2 modes, the radial component of the gauge vector ξ a S is straightforward to find for both gauges [23] from the tensor-harmonic modes of the Lorenz gauge singular field,
The < 2 modes of the gauge transformation require the gauge vector from the Lorenz gauge to the Zerilli gauge, as outlined in Sec. V, with the monopole contribution given by Eq. (89), ξ r,00
For = 1, only even-parity requires a gauge transformation, and the radial component to the gauge vector is given by Eq. (122),
Recall that a choice was made in Sec. VI to associate the gauge constant ζ 1m with the regular contribution to the dipole gauge transformation and that S 1m part vanishes at the orbit.
We list the full expressions for the gauge vectors in App. D, but the results of this calculation are not surprising and produce the same regularization parameters presented above. In the RW gauge, ξ r, RW,S contains at leading-order terms which scale as O( −2 ) and vanish when summed from = 0 to infinity, plus contributions specifically at < 2 that generate D r RW . The EZ gauge vector ξ r, EZ,S scales as a constant at leading-order in , along with terms which vanish in the -sum and specific contributions at < 2. This constant scaling behavior in the -sum corresponds to a local 1/s singularity in the gauge vector [19] that matches the local analysis performed in App. E.
VIII. RESULTS
We now list the results of our numerical analysis, beginning with the regularization of the redshift invariant. We then calculate the regularized LL force from both the RW and EZ gauge retarded metric perturbations. Finally, we calculate the gauge vector, ξ RW,R , from the regularized Lorenz gauge metric perturbation and compare the Lorenz gauge self-force to the forces computed in the EZ and RW gauges.
To ensure that the comparison occurs at the same event in all gauges, we work with an asymptotically flat monopole as discussed in Sec. V, and evaluate all quantities at the gauge-invariant radius introduced in [28] ,
For quantities which are entirely first-order in µ/M , e.g., u t , we find thatū
. The regularized redshift invariantū t R is calculated by performing the sum in Eq. (32), subtracting the tensor-harmonic regularization parameters from retarded -modes,
with the < 2 modes of ∆U RW,ret constructed in the Zerilli monopole and dipole gauges, respectively, for both the RW and EZ gauges. To calculate the regularized radial component of the self-force in each gauge, we perform the summation,
where the retarded modes of the force are calculated in each gauge following Sec. VII A.
To account for the truncation of the sums above at max , we introduce a "tail" correction [17, 20] , for ∆U given by,
with ∆U res defined as,
∆U res is found by numerically fitting the -falloff of the O( 0 ) and higher contributions to the residual, plotted in Fig. 1 , assuming it has the form given by the Ansatz, ∆U [2] Figure 1. We plot the -modes of ∆U for 2 ≤ ≤ 90 on a loglog scale at the orbital radius r0 = 10M . ∆U ret denotes the unregularized, retarded modes of ∆U constructed in the RW gauge, while ∆U [0] and ∆U [2] correspond to the regularized modes of ∆U after subtracting first ∆U [0] and then ∆U [2] from the retarded modes, respectively, as in Eq. (220). WW corresponds to the regularization produced when using the low-order, analytic expansions for the singular field published in [25] ; this regularization is incomplete and the self-force diverges in the -sum as 1/s. Finally we plot the regularized EZ gauge self-force, F r, reg , produced in Eq. (218) using the EZ gauge regularization parameters in Sec. VII.
where each P 2k ( ) is a polynomial of order 2k chosen such that each term in the sum Eq. (221) vanishes when summed from = 0 to infinity (and thus does not formally contribute to the self-force), and {∆U Figure 3 . Absolute value of the residual after subtraction of each successive regularization term from the EZ gauge selfforce versus on a log-log scale from min = 35 to max = 85 for r0 = 10M and kmax = 5.
constant parameters. We use the polynomials given by,
which we note are naturally found in the accelerated term Eq. (204) for k = 0. To accelerate convergence of the regularized self-force, we assume a similar form for the residual, 
and fit the data to the Ansatz,
beginning here at k = 1 to match the -falloff of the residual data. The acceleration to the convergence is then seen as [20] ,
The final results forū t R are tabulated in Table IV for a variety of orbital radii, compared against the results of Dolan et al. [57] . The results for the regularized self-force computed in the EZ and RW gauges are given in Table V for a variety of orbital radii.
A. Comparison to Lorenz Gauge Force
As a check of our results, we now calculate the gauge transformation between the regularized self-force in the Lorenz gauge and each of the EZ and RW gauges by computing the regular gauge vector in Eq. (26) . We choose to begin in the Lorenz gauge and work to find the gauge transformation to the EZ/RW gauges; this choice is a matter of convenience, since the gauge transformation from any gauge to the EZ/RW gauges is relatively simple to construct using tensor-harmonic modes [23] , while the gauge transformation from the RW gauge to the Lorenz gauge is not [58] . The task is further simplified by the need for only the radial component of the gauge vector, as seen by the transformation properties of the force for circular orbits in Eq. (210).
To start, the regularized Lorenz gauge metric perturbation, h L,R ab , is computed using the effective source regularization techniques outlined in [25] . The authors were given this numerical data from Niels Warburton [59] , decomposed into BLS-basis tensor-harmonic modes. From this numerical data, the regular gauge vector is constructed mode-by-mode following Eq. (26).
For ≥ 2, the radial component of the regular gauge vector ξ a R is constructed identically to the singular gauge vector ξ a S , replacing the singular A-K components of the Lorenz gauge metric perturbation with the regularized components,
with monopole and dipole contributions given by, ξ r,00
where ζ 1m is the gauge constant used to specify the specific retarded Zerilli dipole gauge used for the EZ and RW gauge forces, calculated from the retarded Lorenz gauge metric perturbation using either Eq. (142) or (143). The verification of Eq. (144), along with the comparison between the analytic Zerilli dipole metric perturbation and the gauge-transformed Lorenz gauge dipole perturbation provides a check on the numerical accuracy of the Lorenz gauge numerical data produced in [25] , listed in Table II . The full gauge vector is recovered by summing over modes,
where we have introduced a tail contribution to compensate for the truncated -sum, defined as above for F r tail and fit to the -falloff of ξ r, RW,R . Finally, the retarded Lorenz gauge metric begins with a monopole which is not asymptotically flat (see Sec. V). Adjusting to an asymptotically flat monopole requires the gauge vector given in Eq. (108) which does not obey the HKV symmetry; its contribution to the change in the force must be calculated separately from Eq. (210) using ξ NAF a [18] ,
Combining these two gauge contributions, the final result of the gauge transformation is,
We compare the gauge-transformed Lorenz gauge force against the self-forces computed in the EZ and RW gauges in Table III . Table II . We check the accuracy of the Lorenz gauge numerical data produced in [25] against the analytic Zerilli gauge dipole metric perturbation by performing the gauge transformation and evaluating the relative difference at r0 = 6M and r0 = 10M . We also verify that the two gauge constants in Eq. (144) coincide for circular orbits. All values are given as relative differences, ∆K = |KL→Z/KZ − 1|, except for the A term which vanishes in the Zerilli gauge at coincidence. 
IX. CONCLUSIONS
In this work, we produce results for the regularized gravitational self-force computed in the RW and EZ gauges for a circular orbit in the Schwarzschild spacetime, and compare directly our values of these forces to the Lorenz gauge self-force via an explicit gauge transformation. Our numerical implementation allows for the fast and efficient calculation of the first-order self-force from the Regge-Wheeler and Zerilli master functions in the RW gauge itself for circular orbits, which has heretofore not been done.
The results presented here fill a gap in the literature for self-force regularization in the RW and EZ gauges at firstorder. They also act as a step toward the development of a framework for gravitational self-force regularization in the RW/EZ gauges at second-order in the perturbation. Thus far, approaches to the second-order analysis have been rooted in the Lorenz gauge (see e.g. [60] ). A general approach to perturbations in the RW gauge at secondorder in the mass-ratio was introduced by Brizuela et al. [61] . However, ongoing work to regularize the firstorder metric perturbation at spatial infinity [62] and the horizon is necessary before construction of the secondorder sources is tractable. Table III . We provide a numerical comparison between the self-force computed in the Lorenz gauge from numerical data produced in [25] and the self-force constructed in the RW and EZ gauges from numerical data produced for this work, with max = 60 for the Lorenz-gauge data. The regularized Lorenz gauge self-force is computed using the methods outlined in [25] , and the gauge vectors ξ We review the pure-spin tensor-harmonic basis introduced in [63] which is used with the A-K notation in Eq. (35) . The scalar spherical harmonics are defined as eigenfunctions of the spherical Laplacian and given by,
where P m (cos θ) is the associated Legendre polynomial. In constructing the vector-and tensor-harmonics, we require the two vector fields v a and n a , introduced in Sec. IV, along with the Schwarzschild metric on the twosphere,
The vector-harmonics are now defined as,
where ε abc is the spatial Levi-Civita tensor with v a ε abc = 0 and ε rθφ = r 2 sin θ. The tensor-harmonics are further defined as, Comparison between the regularizedū t from this work using max = 90 and numerical data presented by Dolan et al. [57] in their Table III , evaluated at the gauge-invariant radius RΩ. The uncertainty in this work's data is represented by the first excluded digit and is determined by the error in the numerical data. 
written here for the Euler angles α, β, and γ chosen in [25] and in terms of spin-weighted spherical harmonics s Y m (θ, φ) using the conventions of Mathematica [48] . The spin-weighted spherical harmonics may be constructed from the scalar spherical harmonics [64] ; for s = 0, the spin-weighted and scalar spherical harmonics are related via the identification
with coefficients,
reducing the necessary sums over m-modes to be proportional to either,
or,
The sums in Eqs. (266) and (267) are calculated analytically by Nakano et al. [24] , who evaluate them by repeated differentiation of two generating functions,
Appendix B SOURCE TERMS IN A-K
We first list the source terms for the master functions in Eq. (61),
The source terms are constructed from projections of the stress-energy tensor onto the tensor-harmonic basis, Eq. (37) and Eqs. (244)-(253). When evaluated for a circular orbit, the non-vanishing source terms are:
B RW Gauge
The -modes of the singular gauge vector from the Lorenz to RW gauge are found to be,
The D 
Appendix E LOCAL GAUGE TRANSFORMATION FROM LORENZ TO EZ
The EZ gauge condition [23] is typically reported as an algebraic condition on various tensor-harmonic mode components of the metric perturbation. This form of the gauge condition assumes a global decomposition of the metric perturbation into tensor-harmonic modes, and the gauge condition is applied mode-by-mode; such a decomposition is not locally defined and fails to describe the local behavior of a gauge transformation to the EZ gauge. We wish to study this local behavior of the gauge transformation from the Lorenz gauge to the EZ gauge, and as such must look at the more general form of the EZ gauge condition, namely:
sin θ sin θ h
Gauge conditions (281)- (283) state that the components of the metric perturbation on the two-sphere are set to zero (in A-K, the E, F, and G terms), and the gauge condition (284) is used to eliminate one even-parity vector piece of the metric perturbation (the B term). This form of the EZ gauge condition is well-suited for a local investigation of the gauge vector, and is also satisfied automatically by the l = 0, 1 Zerilli gauge monopole and dipole. The gauge transformation from the Lorenz gauge to the EZ gauge is generated by the vector ξ a . To first order in the gauge vector, this transformation takes the form,
When substituted into the gauge conditions (281)-(284), the gauge vector must satisfy the following equations, 
= sin θ (sin θ ξ t,θ ) ,θ + ξ t,φφ + sin θ (sin θξ θ ) ,θ +ξ φ,φ ,
where an overdot represents a time derivative. To analyze these equations, we follow the framework laid out by Barack and Ori (BO) [15] . As the gauge equations do not contain any radial derivatives, we choose to work on a constant r = r 0 hypersurface. Furthermore, we may recover Eqs. (38) of BO (up to a sign convention) by combining Eqs. (286) and (287) as defined for h ang ≡ (h θθ − sin −2 θ h φφ )/2, which eliminates ξ r :
The resulting equations naturally separate into conditions on the angular components ξ θ and ξ φ , Eqs. (288) and (290), and the time component ξ t , Eq. (289).
A Solving for ξ θ and ξ φ
We reproduce the results of BO here for completeness. To simplify the work involved, BO observe that Eqs. (288) and (290) do not involve time derivatives, so we may further restrict our analysis to the surface (t = 0, r = r 0 ).
The local Lorenz gauge singular field may be written for a perturbing mass µ as in Eq. (21),
where u a is the four-velocity of the particle and s is the spatial geodesic displacement away from the worldline along the surface. We may then re-write Eqs, (288) and (290), introducing the singular fields as a source term on the RHS:
ξ θ,φ + sin 2 θ (sin −2 θ ξ φ ) ,θ = 0.
Following BO, we now perform a change of coordinates on the two-sphere to be cartesian-like: y = r 0 sin θ sin ϕ, z = r 0 cos θ. To see how this coordinate transformation affects s, we use the definition of the space-like interval along the submanifold spanned by y and z, s = (g ab + u a u b − n a n b )x a x b = 1 + L 2 r 2 0 y 2 + z 2 + o(y) + o(z).
In their paper, BO define the quantity 
ξ z,y + ξ y,z = 0.
Eq. (295) implies that both ξ y and ξ z can be found by differentiating a scalar potential Φ, 
At this point, we transform coordinates again, changing the local cartesian coordinates to the polar coordinates y = ρ cos α, z = ρ sin α, and re-express Eq. (297),
with a = −2µL 2 /r 2 0 . If we suppose an Ansatz for the solution which is decomposed into Fourier modes e inα , we find that the general form of the potential is, Φ(ρ, α) = cα + ∞ n=−∞ e inα Φ n (ρ).
The term cα in this general solution exists because the potential Φ need not be single-valued, due to the presence of the singularity at y = z = 0, but its ρ-and α-derivatives must be single-valued. After substitution into Eq. (298), the Fourier modes Φ n obey the equation,
These coefficients vanish for odd n, and are generally non-vanishing for even n. In particular,
written in terms of the complete elliptic integral of the first kind, K, is bounded from below away from zero. (This f 0 is not to be confused with f (r 0 ) used in the body of this paper.) BO next construct the general solution to Eq. (300), Φ n = b 0 ρ + γ 0 + β 0 ln ρ for n = 0, b n ρ + γ n ρ |n| + β n ρ −|n| for n = 0,
with the arbitrary constants γ n and β n arising from the homogeneous solutions and the constants b n determined by the particular solution, b n = af n /(1 − n 2 ) for even n, 0 for odd n.
With the general solution determined, the task is now to find the most regular behavior of the gauge vector as we approach the worldline (in this case, as ρ → 0). BO find the most regular solution to be one which sets β n = 0 for all values of n, along with c = 0. They then write the final solution in a compact form, 
For the components of the gauge vector to be continuous at coincidence, they must be independent of α, otherwise the ρ → 0 limit takes an indefinite value. BO find, though, that the first derivative of the gauge vector components, ξ y,α and ξ z,α , do not vanish at coincidence, implying directional dependence to their values and the presence of a jump discontinuities. They stress that, while ξ y and ξ z are discontinuous at the particle, they remain bounded in the limit, thereby still satisfying the sufficiently regular criteria.
B Solving for ξt
We now look to solve Eq. (289) for ξ t . Following the lead of Pound, Merlin, and Barack [21] , we now find a solution for ξ a which is well-behaved as a function of time and satisfies (SR3). As such, the time derivatives in Eq. (289) are subdominant to the spatial derivatives when looking at the most singular behavior, and are ignored, reducing Eq. (289) to sin θ (sin θ ξ t,θ ) ,θ + ξ t,φφ = sin θ (sin θ h
(307) For a particle traveling along a circular geodesic of Schwarzschild, the RHS of Eq. (307) becomes,
We again introduce the locally cartesian coordinates (y, z) on the surface (t = 0, r = r 0 ), and expand Eq. (308), keeping only the leading terms, 
The LHS is simply the flat-space Laplacian acting on ξ t . When transformed to the polar coordinates used in Sec. E A, the equation becomes equivalent to Eq. (298) with a different source term,
